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1. Overview of the mini-course

This is a mini-course on the mathematical theory of Homogenization. It is taught
as part of the taught course centre (TCC) graduate program. These notes are
an extended version of the lectures given during the summer term of the academic
year 2016–2017. The readers should regard these notes as a mathematical exposition
of some homogenization techniques. Further particulars on this theory can be found
in the many interesting books written on this topic – some of which are given in
the bibliography of these notes.

This course essentially deals with perturbation analysis of di�erential equations
in non-homogeneous media. Mathematical modelling of heterogeneous media results
in the study of partial differential equations (PDE) with non-constant co-
e�cients. In many instances, the size of the heterogeneity in the medium is very
small in comparison to the size of a characteristic sample of the medium. It is
typical to denote their ratio

Á := heterogeneity length scale
characteristic length scale of medium π 1.

The above assumption on the heterogeneity length scale translates as the coe�cients
in the di�erential equations to be varying at the scale of Á. To gain some insight,
suppose that the coe�cients are periodic. Think of the function sin(2fix) which is
1-periodic (see Figure 1). In this case, varying at the scale of Á translates as having
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Figure 1. Plot of sin(2fix) on [≠3, 3]

an oscillating coe�cient
sin
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2fix

Á
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which is Á-periodic (see Figure 2). Treating partial di�erential operators with pe-
riodically oscillating coe�cients with vanishingly small periods corresponds to the
theory of periodic homogenization. More precisely, one considers the solution fam-
ily {u

Á} to the family of di�erential operators LÁ with coe�cients oscillating with
period Á, i.e.,

LÁ

u

Á = f
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Figure 2. Plot of sin(20fix) on [≠3, 3]

for a given source f . A typical question then is to find uhom and to look for a
so-called homogenized di�erential operator Lhom such that

Lhomuhom = f ; and u

Á ¥ uhom.

The precise notion of the above approximation will be made clear in the sections to
follow. Hence, loosely speaking, homogenization is a procedure to replace PDE with
highly oscillating coe�cients by an equivalent PDE which “on average” behaves like
the original highly heterogeneous model. Note that performing numerical simulation
on PDE with highly oscillating coe�cients is often expensive if not impossible. The
equivalent PDE mentioned earlier is usually referred to as homogenized model and
relatively easier to numerically simulate.

Over the past four decades, various homogenization techniques have been de-
veloped to attack the problem of averaging heterogeneous phenomena. We will
illustrate some of those techniques while applying it to interesting model problems
stemming from continuum mechanics. In particular, we will address

• Two-scale asymptotic expansions method.
Here we postulate a series expansion for the solution u

Á in terms of certain
locally periodic functions.

• Oscillatory test functions method.
Here one constructs a special class of test functions which are used in the
weak formulation of the heterogeneous PDE while passing to the Á æ 0 limit.

• Two-scale convergence method.
Here we define a notion of weak convergence where the test functions are
locally periodic.

• Compensated compactness method.
Here again, test functions are specially tailored to aid us employ the cele-
brated div-curl lemma in arriving at the limit problem.

The above brief descriptions of each of the above methods is deliberately made
vague. Precise details will follow in the next sections.



TOPICS IN HOMOGENIZATION OF DIFFERENTIAL EQUATIONS 5

Any analytical method to perform a rigorous homogenization procedure inevitably
becomes challenging from the point of view of weak convergences. To illustrate this
point, let us again consider a standard example of a weakly converging sequence
sin

! 2fix

Á

"
. Observe that as Á æ 0,

sin
3

2fi·
Á

4
Ô 0 weakly in L2(0, 1).

Remark that the above weak convergence cannot be improved to a strong conver-
gence as

lim
Áæ0

⁄ 1

0
sin2

3
2fix

Á

4
dx = 1

2 .

The above simple example highlights the fact that the limit of the product of weakly
converging sequences is, in general, not equal to the product of their weak limits.
The convergence methods listed earlier essentially work around this di�culty and
devise some novel approaches to pass to the limit in products of weakly converging
sequences.

The simplest model to which we will apply the above mentioned methods is
the elliptic boundary value problem with highly heterogeneous coe�cient for the
unknown u

Á(x) in a domain �.

≠div
1

A

1
x

Á

2
Òu

Á

2
= f in �,

u

Á = 0 on ˆ�.

This course will also be addressing some examples where the local nature of the
microscopic problem is destroyed in the homogenization procedure. These examples
are borrowed from some works of Luc Tartar. More specifically, we will study a
mathematical model describing a mixture of radioactive materials having di�erent
rates of decay, i.e., for an unknown u

Á(t, x), we consider the evolution

ˆ

t

u

Á + a

1
x

Á

2
u

Á = 0

u

Á(0, x) = u

in(x)

An interesting feature of this example is that in the Á æ 0 limit, one obtains a delay
integral equation. This shares an interesting feature of viscoelasticity models where
basic di�erential equations lead to homogenized equations of integro-di�erential
type, i.e., non-local models with memory.

In recent years, there has been renewed interest in the study of so-called homog-
enization structures. This course will present all the essential details of this
theory which culminates in a new notion of weak convergence called �-convergence.
Using the gelfand representation theory, the mathematical theory of two-scale
convergence is extended to handle heterogeneous structures not necessarily periodic.
These include for e.g. almost-periodic structures. We will then use this new notion
of convergence to study strong advection problems in the context of turbulent dif-
fusion theories. More specifically, we will study the initial boundary value problem
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for the unknown u

Á(t, x) in R+ ◊ �.

ˆ

t

u

Á + 1
Á

V

1
x

Á

2
· Òu

Á ≠ �u

Á = 0 in (0, Œ) ◊ �,

u

Á(0, x) = u

in(x) in �,

Òu

Á(t, x) · n(x) = 0 on (0, Œ) ◊ ˆ�.

The objective is to understand the e�ect of spatial fluctuations in the prescribed
advective field V on to the solution u

Á(t, x). We will be treating both the incom-
pressible fields and the potential fields.

Time permitting, we will also be addressing some basic notions and results from
the theory of stochastic homogenization. I will make sure to add the course
material on stochastic homogenization in these notes even if it is not going to be
taught during the graduate course due to time constraints.

Note that essential pre-requisites from functional analysis will be recalled
during the course.

Finally, in any e�ort of this magnitude, typos and errors are almost inevitable.
I will be very grateful to those readers who will write to me1 indicating those that
they have found.

1email id: h.hutridurga-ramaiah@imperial.ac.uk


